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Two parallel lines of inquiry

1 (Realization) Given a collection of links of singular points
and a choice of genus g and degree d, does there exist a
complex curve realizing precisely this configuration?

2 (Obstruction) Given (g, d), which configurations of singular
points can we prohibit?
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More terminology

Definition

The number of branches of a singular point is the number of
components of its link.

A singular point is cuspidal if has one
branch. It is non-cuspidal if it has more than one branch.

Example

If locally C = {xp − yq = 0} with p, q ≥ 2, then the number of
branches is equal to gcd(p, q).

p = 2, q = 3 p = 2, q = 5 p = 2, q = 2
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The semigroup of a cuspidal singularity

Definition

If z ∈ C is a singular point, the semigroup Sz ⊆ Z≥0 is the set
of all local intersection numbers of C with germs of complex
curves D at z.

Example

If p, q are coprime, and C = {xp − yq = 0}, then the link is
T (p, q) and Sz is the semi-group generated by p, q ∈ N.
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If C is a complex curve in CP2, we construct a tubular
neighborhood of C as the union of the following:

A tubular neighborhood (in the ordinary sense) of the
complement of the singular points.

A 4-ball for each singular point.
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A strategy for obstructions

1 Describe ∂N(C) in terms of its singularities and C.

2 Understand the homology groups of X := CP2 \N(C).
Note that X is indefinite (trivial intersection form).

3 Use Heegaard Floer homology d-invariants to obtain
obstructions. (Indefiniteness of X is key).

Note that (1) and (2) are routine, but (3) is the core of the
argument.
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History of strategy

Strategy is originally due to Borodzik and Livingston
(2013) who carried it out in the case of rational cuspidal
curves (g = 0 and unibranched singularities). Gave strong
obstructions just in terms of the semigroup function. Easy
to state and easy to apply.

Subsequently generalized to the cuspidal case in higher
genus by Borodzik, Hedden, Livingston (2014), and
independently Bodnár, Céloria, Golla (2014).

The non-cusipdal case is the topic of today’s talk.
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The non-cusipdal case is the topic of today’s talk.



History of strategy

Strategy is originally due to Borodzik and Livingston
(2013) who carried it out in the case of rational cuspidal
curves (g = 0 and unibranched singularities). Gave strong
obstructions just in terms of the semigroup function. Easy
to state and easy to apply.

Subsequently generalized to the cuspidal case in higher
genus by Borodzik, Hedden, Livingston (2014), and
independently Bodnár, Céloria, Golla (2014).
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Topology of the complement: rational cuspidal case

Theorem (Borodzik, Livingston 2014)

Suppose C is rational (g = 0) and cuspidal (all singularities
have one branch). Then ∂N(C) is the d2 surgery on the
connected sum of its links of singularities. Furthermore, N(C)
is obtained by attaching a 2-handle to B4 along the connected
sum of the singularities in ∂B4.

A similar story holds in the work of Borodzik, Hedden,
Livingston and Bodnár, Céloria, Golla, in the g > 0 case.
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Topology in non-cuspidal case: preliminaries

Definition

Given a link L ⊆ S3 with r components, the knotification L̂ of
L is a link in #r−1S1 × S2 obtained as follows:

1 Connect sum r − 1 copies of S1 × S2, away from the link.

2 Form a knot by attaching r − 1 bands which each cross one
S1 × S2 summand.
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Topology in the non-cuspidal case

Suppose that C is a reduced curve of genus g with singularities
z1, . . . , zn. Let L1, . . . , Ln be the links of singularities, and
r1, . . . , rn the number of components of L1, . . . , Ln.

Lemma (Borodzik, Liu, Z. 2021)

∂N(C) is the result of surgery on K = L̂1# · · ·#L̂n#gB in
#rS1 × S2 where r = 2g +

∑
(ri − 1). Here B is the Borromean

knot in #2S1 × S2.

Also, X = N(C) has vanishing intersection form, and b1(X)
and b2(X) are easily computed.
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d-invariants

Ozsváth and Szabó define an integer d(Y, s), whenever Y is
a QHS3, and s ∈ Spinc(Y ). Determined by the absolute
grading and F[U ]-module structure on HF−(Y, s).

If b1(Y ) > 0 and c1(s) is torsion, then there are more
d-invariants, due to Levine and Ruberman. dtop(Y, s) and
dbot(Y, s) are important for our purposes. These are defined
using the F[U ]⊗ Λ∗H1(Y )/Tors module structure on
HF−(Y, s). F[U ] action alone is insufficient for
computations.



d-invariants
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Theorem (Ozsváth, Szabó 2003)

If Y = ∂W 4 and W is a rational homology ball, then d(Y, s) = 0
for any Spinc structure extending over W .

Levine and Ruberman proved generalizations for dbot and dtop

when b1(Y ) > 0 and b2(X) ≥ 0 (under the assumption that
b+2 (X) = 0).
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Theorem (Ozsváth and Szabó)

1 If q is sufficiently large or Y = S3, then d-invariants of
Y 3
q (K) may be computed from the knot Floer homology

CFK∞(Y,K).

2 If K ⊆ S3 is an L-space knot (e.g. an algebric knot), then
the knot Floer homology CFK∞(K) is computable from its
Alexander polynomial.
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Ozsváth and Szabó’s surgery description is H1-equivariant.
Hence we have a computation arrow:

H1-action on CFK∞(Y,K) H1-action on HF−(Yq(K))known

A key step in our work was a result about the H1 action on
knotifications of links, giving the following arrow:

relative H1-action on CFK∞(Y,L)

H1-action on CFK∞(Y#r−1S1 × S2, L̂))

Lemma (BLZ)



Computing d-invariants
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Remark

Similar strategies should work for other torus links T (p, q).

Note that the complex for T (2, 2n) is a direct sum of two
staircases, and the H1-action maps one staircase to the other.

Question

Do all torus links have a similar structure?
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Main result

If z is a cuspidal singularity, write R(j) = #(Sz ∩ [0, j)) for
semigroup counting function. By using Levine and Ruberman’s
bounds on dtop and dbot, as well as doing some algebra, we
obtain:

Theorem (Borodzik, Liu, Z. 2021)

Let C be a degree d curve with genus g, h double points, and
one cuspidal singular point z. Then, for all k = 1, . . . , d− 2:

min
j=0,...,g+h

(R(kd+ 1− 2j) + j) ≥1

2
(k + 1)(k + 2)

max
j=0,...,g

(R(kd+ 1− 2j − h) + j) ≤1

2
(k + 1)(k + 2) + g.

Generalizes to more than one cuspidal point.
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Genus versus double-points

Borodzik-Hedden-Livingston and Bodnár-Céloira-Golla genus
bounds for a g + h curve:

max
j=0,...,g+h

(R(kd+ 1− 2j) + j) ≤ 1

2
(k + 1)(k + 2) + g + h

Our new bound for a genus g curve with h double points
(rearranged from above):

max
j=h,...,g+h

(R(kd+ 1− 2j + h) + j) ≤ 1

2
(k + 1)(k + 2) + g + h

(The inequalities with min are identical).
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singularity, however due to algebraic technicalities we do not
have a simple form for the obstruction.
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Genus versus double points

Special case: Suppose C has a singular point z with semigroup
counting function R. Choose k and let K = 1

2(k + 1)(k + 2).
What are the restrictions for C to have genus 0, or genus 0 with
one double point?

1 In all three cases, R(kd− 1) ∈ {K − 1,K} and
R(kd+ 1) ∈ {K,K + 1}.

2 If C has a positive double point, then R(kd) ≤ K.

3 If C has a negative double point, then R(kd) ≥ K.

Value of R(kd) gives an obstruction to trading genus for double
points.
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Orevkov’s curves

Theorem (Orevkov 2004 n = 2, Borodzik, Hedden, Livingston
2016 n > 2)

For any n > 2, there is a complex curve in CP2 of degree φ4n,
with genus 1 and exactly one singular point, whose link is
T (φ4n−2, φ4n+2) torus knot.

φi is the Fibonacci sequence.

Theorem (Borodzik, Lie, Z. 2021)

We cannot trade the genus of Orevkov’s curve smoothly for a
negative double point.

Our techniques are insufficient to obstruct a positive double
point.
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A partial example

Remark (Borodzik, Hedden, Livingston 2016)

There are no known obstructions to the existence of a curve
with (d, g) = (27, 1) and singularity T (10, 73) as well as a curve
with (d, g) = (33, 1) and singularity T (12, 91).

There is no known construction of such a curve.

Theorem (Borodzik, Lie, Z. 2021)

If such a curve exists, then the genus cannot be traded for a
(positive) double point.
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