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The goal of this talk is to introduce and present holomorphic symplectic
geometry of the universal centralizers JG and show HMS for JG . Here G is
any complex semisimple (or reductive) Lie group.

A motivating theorem:

Theorem (Well known)

For a complex torus T ∼= (C×)n. Let T∨ be its dual torus. Then

W(T ∗T ) ' Coh(T∨)

We would like to generalize this theorem in the non-abelian setting. The
natural replacement of T ∗T for a complex semisimple Lie group G is the
universal centralizer JG (a.k.a Toda space).
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There are several equivalent definitions of JG and we will list two here, which
show different features of it.

Definition (First definition)

This explains the name “universal centralizer” and shows an integrable system
structure on JG (SYZ mirror symmetry).Let T ∗,regG ∼= G × g∗,reg be the regular
part of the cotangent bundle of G . Define

JG := {(g , ξ) ∈ T ∗,regG : gξg−1 = ξ} �Ad G

Recall that ξ is regular if and only if CG (ξ) = rankG
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Example (G = SL2(C))

Theorem of Kostant: fixing a principal sl2-triple (e, f , h0), let S = f + ker ade

be the Kostant slice.The composition

S ↪→ greg ∼= g∗,reg → c := t∗ �W is an isomorphism.

Then JG = {(g , ξ) : ξ ∈ S, g ∈ CG (ξ)}.
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Definition (Second definition)

This shows JG as a Hamiltonian reduction of T ∗G (bi-Whittaker reduction), so it
is holomorphic symplectic (actually hyperKahler).

Fix T ⊂ B ⊂ G , and t ⊂ b ⊂ g (which is determined by (e, f , h0)), and the
unipotent/nilpotent radicals N, n.
We have the Hamiltonian N × N-action on T ∗G , whose moment map is given by

µ : T ∗G −→ n∗ ⊕ n∗ ∼= n− ⊕ n−

(g , ξ) 7→ (gξg−1 mod b, ξ mod b)

Then JG
∼= µ−1(f , f )/(N × N).

The reason that Def 1⇔Def 2 is due to the important property of the
Kostant slice:

f + b ∼= N × S
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There is a natural C×-action on JG defined as follows: Using the above
h0 = 2ρ̌ ∈ Λ∨coroot,

s · (g , ξ) = (Adsh0 g , s
2Ad∗sh0 ξ), s ∈ C×

Here s2 shows up in the second component because of Adsh0 (f ) = s−2f .

The C×-action scales the symplectic form ω by weight 2.
⇒The square root of the R+-action gives a Liouville vector field.
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Theorem (J.)

(1) JG can be partially compactified to be a Liouville (Weinstein) sector
(canonical up to isotopy).

(2)

W(JGad
) ' Coh(T∨sc �W ),

In general,

W(JG ) ' Coh(T∨sc �W )π1(G
∨)

Remark
The result can be seen as an analytic version of a theorem by Lonergan and
Ginzburg (independently)

D-mod(N
f

\G
f

/N) ' QCoh(“t∗ �Waff ”),

where “t∗ �Waff ” is some coarse quotient “(t∗/Λ) �W ”. But there is no direct
link between the algebraic version and the analytic version.
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Liouville manifolds:

Definition

(X 2n, ω = dα) is a Liouville manifold if the Liouville vector field Z defined by
α = ιZω satisfies

the flow of Z is complete

Z is pointing outward everywhere along the ∞-boundary of X (more
precisely, a Liouville domain joining a cylinder over its boundary)

Example

Cotangent bundle of any closed manifold; (R2n, α0 = − 1
2 (pdq − qdp)).
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Weinstein manifolds (Cieliebeck–Eliashberg):

There is a nice class of Liouville manifolds that can be built from handle
attachments (from Morse(–Bott) theory), called Weinstein manifolds.
Roughly, one starts from index 0 handle(s), i.e. (R2n, α0), and successively
attaches index higher handles along isotropic spheres on contact boundaries.

index=dimension of ascending manifold≤ n if dimX = 2n.

Index k < n (resp. k = n) handle is called subcritical (resp. critical). The
critical handles are the ones that give rise to interesting symplectic invariants.

The union of the ascending manifolds gives the core of the Weinstein
manifold.
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Liouville/Weinstein sectors (Sylvan, Ganatra–Pardon–Shende):

Liouville/Weinstein sectors are generalizations of Liouville/Weinstein
manifolds to the manifolds-with-boundary case.

Roughly speaking, a Liouville (resp. Weinstein) sector X has two boundaries:

∂∞X : the contact-type boundary (whose own boundary is convex);
∂X : the “finite boundary” which is F× R, where F is a Liouville (resp.
Weinstein) manifold and R gives the characteristic foliation(s).

Example

Cotangent bundle of a compact manifold with boundary, e.g. T ∗[0, 1],

T ∗T ∼= T ∗Tcpt × T ∗Bn

C<z≤0
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Partially wrapped Fukaya categories on Liouville/Weinstein sectors (Sylvan,

GPS–generalizing

{
(fully) wrapped Fukaya categories

Fukaya–Seidel categories
)

Objects: Closed exact Lagrangians with cylindrical ends (if not compact) +
extra data: ∂∞L ∩ ∂X = ∅;
Morphisms: Wrapped Floer complex

HomW(M)(L0, L1) = lim−→
H:“Positive Hamiltonians”

CF (ϕ1
H (L0), L1),

where ϕ1
H (L0) never touches ∂X .

It is an A∞-category.
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Example (G = SL2)

Weinstein handle decomposition

1-handle (Morse–Bott)

JG − {g = ±I} ∼= T ∗T

HMS for Ja
.

.

④

•

Example : G- She
9=1

#¥
9=-2

.

•

• Weinstein handle decomposition :
' H' HW HA

'

• O - handle ( Morse - Bolt )
"
9 3

It

Ja - HEAT ⇒ IT( 19
- b

; )
,

IT?;D
( b ,

x ) ↳

( In particular, zero
- section MT 'T B a 2 : I cover of It

" MW .)

T 'T IT 'S 'xlR
'

←exist
as

aFaE*¥

! x

([
0 −b−1
b 0

]
,

[
x −b−2
1 −x

])
←[ (b, x)

The weight 1 R+-action: s · (b, x) = (s−1 · b, s · x) [not the standard Liouville flow]

T ∗T
exact∼= T ∗S1 × T ∗,>0R exact

↪→ T ∗S1 × C<z≤0.

Here R = R<x .
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Example (G = SL2, continued)

Weinstein handle decomposition
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- section MT 'T B a 2 : I cover of It

" MW .)

T 'T IT 'S 'xlR
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←exist
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aFaE*¥

! x

2-handles (critical handles): for each Kostant section, the normal slice (fiber
over [0]) gives the core of the handle

Figure: Picture of an arborealized Lagrangian skeleton for JSL2(C)
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Example (G = SL2, continued)

Generators of W(JSL2):

Recall

Theorem (Chantraine–Rizell–Ghiggini–Golovko, GPS)

The cocores generate the partially wrapped Fukaya category.

Here we have three cocores: two are given by the Kostant sections (normal to the
critical handles), the other is given by a cotangent fiber in T ∗T .
The cotangent fiber can be (compactly) Hamiltonian isotoped to only intersect
the critical handles, so only the Kostant sections are needed to generate W(JSL2).
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For general G :

JG admits a Bruhat decomposition that induces a Weinstein handle
decomposition (this comes from the Whittaker Hamiltonian reduction that
gives JG → N\G/N =

⊔
w∈W

wT , where the target is a coset)

JG can be partially compactified to be a Liouville/Weinstein sector: removing
the Kostant section(s), it is isomorphic to F× T ∗,>0R for a
Liouville/Weinstein hypersurface F, so can be partially compactified to be
F× C<z≤0; then JG is obtained from attaching |Z(G )| many critical handles
to it.
The Bruhat “cells” Bw are indexed by w = w0wS ,S ⊂ Π, so are the handles
(up to isotopies and modulo the components of centers of standard Levi’s).

In particular, Bw0

symp.∼= T ∗T .

W(JG ) is generated by the Kostant sections:

{Kostant sections} ↔ Z(G )↔ characters of π1(G∨)

↔ {generators of Coh(T∨ �W )π1(G
∨)}
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Sketch of proof for G = Gad

:

W(JGad
) is generated by the only Kostant section ΣI . One can choose

appropriate positive Hamiltonians so that Hom(ΣI ,ΣI ) has intersection
points all in degree 0 and are indexed by the dominant coweight lattice of
Tad.

One can define T ∗T ∼= B†w0
⊂ Bw0 as a Liouville subsector in JG ,then there

is an adjoint pair ([GPS])

IndW(JG ) IndW(T ∗T ),
res

co-res
(1)

which actually preserves the compact objects (this always holds for co-res).

AG -Perf 'W(JG ) W(T ∗T ) ' C[T∨]-Perf,
res

co-res
(2)

We prove that the adjoint pair is (f∗, f
! ∼= f ∗) between Coh(T∨ �W ) and

Coh(T∨): the point objects in Coh(T∨) play an essential role in the proof.
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Thank you!
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