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Freemath seminar
,
25May 2021, 4-5pm , B. Keller, Universitede Paris

singular Hochschild cohomology and reconstruction of singularities
Plan : 1. Hochschild cohomology

2. Singular Hochschild cohomology and the singularity category
3
. Application : 2 reconstruction theorems , with Zheng Hua

1. Hochschild cohomology by its history
ka field (for simplicity) , A a k - algebra (assoc. , with 1, noncom.)

HH
*

(A) = Hochschild cohomology 11945) = H*CIA,A)

CIA, A) = (A • Homa IA, A) -Homa /A☒A. A) -
. . .

☐ Homh /A P, A)→ . . .

)

a 1 0 loch [and)
D o Locog↳ ⑦My - Doxy) 1- a Diy ))
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We see : HH°(A) = 2-(A) = center ofA : a com. alg.

!

HH'IA) = Outdo(A) : a Lie algebra
Ae = A☒ -19

, a Aa z identity bimodal

Cartan - Eilenberg (1956) : HH
*
IA) = Ex -Fae 1A,A)

an algebra for the hepproduct: U .

Gerstenhaber (1963) : • HH
*

1A
,
A) isgraded com.

Modern argument : A is the unit in the mon, cat. (DIAe), ¥ )
• HH

*+'
(A.A) is a graded lie algebra : GerstenHaber bracket

Gettler -Jones 119941 : (CIA. A), u , brace op,) is a B-
- algebra

B.•
- algebra :

"
B
"

for Banes 11981) : Cs*g IX.E) is a 135dg. , ftp.sp.X .
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Brace operations (Kadeivhvili 1988) ;

"" " → us = -2 ±¥¥É
Rhs : 1) The Bo - structure contains all the information , e.g.

[c
,
ee ] = chul I MIC 3 .

2) The constructiongeneralize from K- algebras to k- categories (= k-alg . with

several objects, Mitchell 1572) and to dg h- categories .

Thm (Toén
,
Lowen - VDB 2005) :

HH
"
/Al s - HH:slModA) • - HH

*

18gA)
:= HH

"

Enja)

Moreover, these isom. lift to the Ba- level 12003) .
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Notation : Mod-1= {all right A-modules } , InjA
= {all inj. right A-modules}

DA = unbounded derived cat
. ofModA

DogA = its can
. dg enhancement

Rhs : 1) The iron. 1-11-1*1At← HH
"

(Dugal is a derived version of the

classical iron , Z(A) E- Z/ModA)
.

2) Inparticular , we have -21-17 <= -21DogA) :=HH°lDeg A) .
Adesirableproperty !

The center of the category DA io pathological, e.g.

£181kIET/(e4) ) = k kk
'" (Krause - Ye

,
2011)

2. Singular Hochschild cohomology and the singularity category
A a right Noetherian algebra (for simplicity )
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Moda = {fin.gen. right A-modules}, DBA = DblmodA) = bounded der. category
'

•

gory

per
A = perfect desired category = thick(Aa ) C- ③A

Sg
/A) = Db/modA)/perA (BuchWeitz 1986

,
Orlov 2003)

Assume A-e n also Noetherian

Def. : HH*sglAl= singular Hochschild 6h0m. = Tate - Hochschild cohomology
:= Extstgiae, (A. A)

Rh: HH*sg/Al is stillgraded 6m.
(although sgl.net is not naturally monoidal)

Thm (Zhengfang Wang) : a) HH*sglA) carries a natural (butintricate !) Gerstenhaber bracket 12015)

b) There is a Ba -algebra Csg /A. A) computing HH¥glA7 120187
.
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Thm1 : If Diya is smooth , we have an isomorphism HHs*gA - o HH
*

Isgdg A)

ofgraded algebras .

Rhs: 1) Elagin - Lunt, - Schnorrer show 12018) : @bagA is smooth if k isperfect, A is

finitely generated as a module over its center and the center is fin,gen. as a k-algebra .

2) If Ask is a finite inseparable field extension, then s.gg/A)--ObutHH*sgA--O !

Conj. : The above isomorphism lifts to the Ba
- level (as in the than of Toén/Lowen - theB) .

Construction of the morphism in Thm 1 : Put M
'
-
= DbdglmodA) , f = sgag /Al.

We have dgfunctors ⑥(modA☒Aop)
(*☒"

*

- DIA☒Mop)
⇐☒ %) "

o @(Marois)

A↳ok -1°> f. (prop)
"

t
sglao-AT.in#m.inExt*-

⑥%☒""

A I o f
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3. Application : two reconstruction theorems , with Zheng Hua

3.1 Isolated hypersurface singularities

Thm2: 8=64x, , . . , xn D o R=S/Cf) an isolated singularity .

Then R is determined Cup to isom.) by dimR and sgdg /R).

Sketchofproof : diff. E-graded!
I

2-lsg.GR/--HH0lsggR1-HH:glR1Thm1
matrix fact. : Eisenbud

'80

8Mt, ¥
, ,

. .,¥n ) 1

"
- HH
"
(R)

-

- HH?}IR) tr>>0Tyuriria alg. pact, Buchheit-2186

1992

drink and the Tyurina algebra determine R (Mather --Yau 1982, Greuel- Pham 2017) .
✓

Rk: Dyckerhoff 120111 : 2- lsgdg R)
-Milnor alg. = 811¥, , . .> ¥,?
←

cliff. -21/2 -graded!
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3.2 Compound DuValAngularities
y

k -- E
,
Ra complete local isolated CDV singularity c.

(3-dim
. ,
normal

, generic hyperplane section is Duval = Kleinian)
↳ f

f:b→ ✗= Speck a small cmpant resolution (birational, Isom.

small 2--7 crepant ÉpecR
outside the exc. fiber, isom.in Odem. 1

, f-
*
(WH = Wy ) .

F= reduced exc. fibre : a tree of rat. curves F= ①Ci contracted by f.c-= I

Associated 1dg) algebras : ° derived contraction algebra T

° contraction algebra A. = Hot 1Donovan - Wemyss , 2013) .



Thmddef. : a) There is a can. nonpor . dg algebra P which

a

pro
- represents the noncom. deformations (noncom.

base
,
Lauda/

'
02)

ft
of foci in ④(oohY) (Efimov- Luntv - Orlov 2010) . Esper

b) HOT is isomorphic (Hua-K) to N which represents

the noncom. deformations of Be, in 6h19) (Donovan- Wemyss, 2013) .

Rks : 1) his finite - dem.
(like Tyurina algebra) but noncom.

and

Reid's width
, bidegree ofnormalbundleHPT is fin, dem. PEE . f ←
Katz 'genus0 60pA

Kumar -Wafa inv.

←

2) A determines many
invariants of R IDW13

,
Toda '14

,
Hua- Toda '16

, . . . )

Conj. IDW
'

13) : The derived equiv. class ofN determines R Leep to isomorphism) .



←
smooth

, left 3-CY 10

Thm 3 (Hua - ): The derived eq . class of
M determines R

.

←
cluster category (Amiot

'
10)

Strategy : Show that

sg (R)
-
- Cp ÷ pert/pvdf

←
{ME DP 1My C-perk}.Leven at the dg level) and else Thm 2

.

Rk: We have 1-1*17 = A ☒ ktñ']
,
1ul=2

,
so A determines H*P but T is not formal !

Further improvement : Using a result of VDB 120151 we get

P = Ginzburg algebra Plain of a quiver withpotential @, W) .

Put I = image of We Httolho) in HH.IN (recall : A-HT)
.

Thm 4 (Hua-) : The derived equiv. class of (AT) determines R .



"

Rhs: 1) P is
"homo topicaldata

"

,
(A
,
Ñ) is only

"

homologicaldata
"

.

2) The main ingredients of the proof am Thm 3 and the

Noncom .
Mather -Yan Thm (Hua - Zhou '18) : If LQ, V1 has finite dimensional

Jacobi algebra Alain - 1-101^10,4 , then Ñ determines Wup to right equivalence .

Rk: There is a close link to the (additive) categorization of cluster algebra, but

the quivers that appear am very different :

typical compound Duvalquiver typical cluster quiver : 6%3,8)

%¥-¥⇒⇒¥A
⇐⇒ I:###.. •
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Appendix A: Possible CDV quivers
A- A
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AppendixB:_ Other constructions of P

B.1 Via tilting bundles (VDB
'

041
y

Let G, . . , Cn be the irreducible components of the exc. fibre. c.

We have an isomorphism Pic (Y) ~
> 21h

,

L- (degLlc;)⇐i±n .

ft
Let Li , Kien , be line bundles s.th.deg@ilcj-8ij.Define ÉpecR

Micah147 as the
"

universalextension
"

O → Gysi -M
,

o Li ° 0

associated to a minimal set ofgenerators of the R-module Ht(Y, Li
'

) = Ex-11(Li
, by ) .

Then J=0y④¥Ñi is a tilting bundle on Y. Let ee EndCJI be the idempotent corresponding

to the direct summand Gy of T and Ñ = End(T)
.
Then A-- Ñ/(e) and I = ÑTle).
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The functor f* : ashy → modR sends J to a cluster - tilting Cohen - Macaulay module T

Lcf. 132) and induces an isomorphism End(J)→ End,z(T) so that this construction agrees

with that of B.2 .
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;÷tB.2 Via Cohen - Macaulay modules

c.cm/R1--1M-cmodR/ExtElM,R1--0.V-i > 0}
.

Lf
Facts : emIR) contains a cluster - titiny object T ,

i. e.

ÉpecR
1) Ext ' (T, T) = 0

2) V-MC.cm/R1
,
I 0 → T,

→ To-14--0, Ti c-add(T)

Ñ - Endp.lt) is independent of the choice ofTup to derived equivalence .

We have T- Rm④ T'
,

where T' has no summaries R. Let e-- [+8^8] c- End#-) .
4

→ A Tar Ende ITI/(e) and Pz Endrin/ (e) .
← derivedquotient .
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B.3 Pictures : Mathematicians cited in the sketchofproof of Thm 2



G. Hochschild 
1915-2010

H. Cartan
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S. Eilenberg
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17

More mathematicians cited



H. Krause 1962- Yu Ye in 2019 Jean-Louis Verdier
1935-1989

R.-O. Buchweitz
1952-2017

D. Orlov, 1966-

C. Amiot in ‘08
Will Donovan in ‘17 M. Wemyss in ‘20 S. Fomin, 1958- A. Zelevinsky

1953-2013

Yukinobu Toda in ‘12

18


