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Suppose M is smooth
,

uol.br µ .

Homes o(My )
( identity component of measure - preserving homeÉS .

" "

Mass- flow home__ A : Home; (My) → H
,
1M ; IR) /µ

" £1 "" (non -trivial if b. 1m ) > o) .

"

discrete

period, }

Fathi (197-8) If n= dim
,µ
1M) =3

,
KR1H it simple .

( & conjectured that dimension ↳ others is necessary) .

theorem ( CG , A. M , Sey , 5.)
If E is a compact solace with area form w

,
then

b-v17) is It simple .



tk "

proved previously 6
, CG

,

H
, Sey her E. =D

'

l s
'

Another proof for 5 by Poltvaioh & She/ uh-him
.

If It :[0,1] ✗ E → IR smooth
,

with flow ✗µ,
I hit Ham (E. w)

Fact : her (7) = HATE,w) is the E- closure of Ham

Suppose d{ f- $ .

I whenever DE -1$
,
consider functions
supported away from

E.)
The Calabih Cal : Hank ,w) → IR

4*1 → )
"

) Ht . w dt
0 E



Definition ( oh
,
Miller) :

The He group of (E. w) is

{ $ c- Home; Kew) ) 7 ✗Hi $
, HI. c-

I 3 It :[0,1] ✗ E- IR continuous

s.tt/Hi-HHa.os)--)jm;x(Hi-H)dt → o)
£ : Does Cal ites

extend to Hameo ? If yes ,
we win :

Hamed ⇐ Home oo (E , w ) but not obviously proper .

If Cal extends : Either Hameo § Honey 4.w ) f.
⇐ Ke (Cat) § Homes ' °

Not simple .



Strategy : use

"

spectral invariants
"

For links on [ ←
"""

e
/

It?=
,
hi =L = Its

'
→¢

,
w )

→ § : 540,17 ✗ E) → IR
- Hofer Lipschitz :

•

Max (H- H
' ) at& min ( H - H

' / dt I 4. IHI - c±(H
' ) E)

"

-

"

Lagrangian control
"

:

If He / hi = silt) , c± (1-1)=1 [ {siltld.tk
(& in general , . -

min
-

E
c±
(H ) a- % § Max H )

hi

⇒ for certain
"

equidistributed
"

families [ ,

m= 1,41 -. . we have

czn.CH ) →
"

Calabi property
"

.

my- %
"

{Hew dt .



Say I c- E is monotone if E1E is made up
of planar

components Bi
,
area Ai

,
hi boundary components ; & 7 qzo

i.t . 2g (hj - 1) + Aj is independent of j

Say { IS of links is eguiddhib-ued.tt
# non - centreline components i < N

max diam (contractible components) → o m → is

non- rested : contractible component bound

pairwise disjoint dies .

Think of these links as probing small-scalegeometry IE

support He C-⇐☐ ✗E) As diam (E) → 0
,

I anti-d



smooth G-
~

sat
. Gm /

do, ↳and f,

= silt) & Max / En - HI < {

hi Im> o)

f ) Hwdt - g- ' H f E f ) Hwdt - Emwdt / ← < {

+ f) Gmwdt - center) )- Lagrangian
control

< {
So

"

HL the ⇒ Calabi
"

+ I can loan ) - gan IH ) )
- Hofer Lipschitz

= < c

c.
f- Homeok

,
w) = { of c- Hat 14W) I 7 $i → of Pi smooth

"

finite energy homeo's
11 Milk,•,

< C)



The
"

infinite twist
"

4 Ir , o ) = (r , 0+2+141) on DG
,
R)

.

I :( o
,
R] → IR ) is It) = -

l

Morall, thi c) theGin { [ I egui distributed ,
Calabi invariant of 4

(

[
n
- oh , extends continued

,
to Fan (E. w ) → IR

5m

If D supporting 4 D disjoint bon f
'

,

3m (4) =~ C

µ
If;) where F : we sit .

☒ f-; To 4 But
=

⇒ 4 ¢ Fltomeo
,
since anything ↳ Fiwdt → is

there has / 5m) bounded
.

Haneo ⇐ F- Homes ⇐ Homey (E , w )

extends Caleb
⑤
proper



spechralhuaiants-i.CM/wlsgmplechic:QY(Ml HH4H)
/

HMM
,
A) H :S 'xM - R

¥_
CF
"

generated by 1- period:c orbit,

dfloer : Ty
d)a + J Idea - ✗µ ) = 0

c. (A) = int ( at IR / IR -filtered onylex
Pss (1) c- HÉ

""

(4+1)
.

For a Lagrangian L E M :

HF (L ,
h )

→
¥ ""4¥;

~



→ CL : (
•
( [o.it ✗ M} → IR

Known to have good E- continuity
properties .

Air apply this machinery to

our f E E E = L
,
I

. . I th Li E s
'

Repton E by §m (E) c- Synth (E)
, we
' current

,

whit has

A smooth KÉHW approximate

9- IE1 = The P
'

A → IP
'

I =

filth 2 : 't
D → Sym

'

lip
'

)



Lenny : let L
,
= { Cgi , - , get c- E

" I lgil { Hi }
h

Fer ai -- ah c- €
, La

, .- ah
,

{
= µ ( thi -ai / = %) E 4

Go =D

f = IT1A ; -ajl
Then I c

'

- small intros) of syn
"

IP
'

i=j

sir
.

$ (4) = 5m 1ha
. .
- aw,
c) preserving Di : aixsym

""

In general , It (§m" E , Synch. )) = ( u
. . -
..us/ui.Dj=fij)s--h--g+I s = # Honor) components b- E1E

& Di are ai ✗ §nh"
s

Monotonicity her I

← 5m (E) is monotone ( if y=☒ , or monotone in

a
"

bulk- detuned
"

HE
, g.b) .



Upshot : the ,Dx[ ) → c. ( [ 0,11×5,mh[) → R

↳my µ
T.at"

'
-
-
-

.

- -
-
-
-

-

"

If E monotone
,

HE IS
,
- IE1 ) i non - to- her the filial local system


